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Table 1 Numerical values

a = 4-1074(°K)1

g = 14-1074(°K)™

w = 2-07-1072 em/sec-atm?/®
y = 2/3

Ty = 300°K

k = 0-8-1072 cm?/sec

T, = 600°K

in a powder specimen with a moving boundary (combustion
front).

As the first approximation, we suppose that the temperature
profile under the extinction is a linear one

§* =T = To)/h @

where T, is temperature at the powder-metal contact and
h is the powder layer thickness at the moment of extinetion.

The thermal conductivity and the mass of the metal plate
are very great. Therefore, we can assume that the tempera-
ture of a powder-metal contact is constant.

One can calculate the value of the unburned powder slab
thickness, &, from Eqs. (5) and (7) if one knows the values
of k, T, T., To*, and u*. The corresponding formula is

h=kTs — To)/u*(Ts — To*) ®)

The temperature of a powder-metal contact 7'. equals room
temperature. The values of powder thermal diffusivity and
of the temperature of a burning powder surface can be taken
from Refs. 8 and 9.

Utilizing the solution of Eq. (6) in Egs. (3) and (8) and
substituting corresponding numerical values from Table 1,
one finds the relationship between the thickness of unburned
powder and pressure. This relationship has the form

Inh = —3.95 — v Inp )]

The theoretical line (9) is represented by a dotted line in
Fig. 1. As the figure shows, the agreement between the
theoretical result and the experimental one is good.

For a more rigorous comparison of theory and experiment,
the following facts must be kept in mind. 1) The metal
thermal conductivity is high but finite, and during the burn-
ing the temperature of metal-powder interface does not remain
constant. 2) The burning surface temperature depends on
pressure. 3) The empirical relation between the steady
burning rate and pressure and initial temperature in the
form (3) is approximate, and the extinction criterion (5) is
not quite accurate.

The method presented can be used also to obtain reliable
experimental data on the dependence of the unburned layer
powder thickness on initial temperature.

It should be noted that there is at present no correct non-
steady combustion theory that deals with combustion insta-
bility, ignition, and extinction.’® The method presented
can be useful in investigation of the extinction and for verifi-
cation of nonsteady combustion theories.
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ECENTLY, considerable attention has been given to
the study of the attitude of a rigid body carrying a rotor
that can rotate relative to an axis fixed in the body. Of the
several papers that have been published pertaining to this
subject, two are of particular interest in this Note. Kane
and Barba! studied the influence of orbit eccentricity on the
attitude stability of a spinning, symmetric satellite. Their
study revealed that an increase in eccentricity tended to
cause existing instability regions of a nondimensional system
parameter space to grow; also, new regions of instability
occurred in regions where instabilities were not encountered
for circular orbits. Shippy and Robe? studied the influence
of a spherical rotor on the attitude stability of a nonspinning,
symmetric satellite in a circular orbit. The spin axis of the
rotor was placed perpendicular to the symmetry axis of the
satellite and the symmetry axis was perpendicular to the
orbit plane for the reference motion. Their study revealed
that the inclusion of a laterally oriented rotor, spinning at a
constant rate s, acts either as a stabilizer or destabilizer de-
pending on the point in the system parameter space.

The purpose of this Note is to present a generalized study
of the work by Shippy and Robe by including the effect of
orbit eccentricity, e. By utilizing the usual assumption of
independence of mass center motion to attitude motion,
the nondimensionalized orbit equations for the satellite-rotor
mass center are!

e =D+ =0
M
g = (1 — enlizg—2

The prime denotes differentiation with respect to the scaled
time, r = nt, and ¢ = r/e is a nondimensional radial position.
The “mean motion,” n, is defined in terms of the period T as
n = 27/T; ais the semimajor axis of the orbit; and 6 is the
orbit angle from the perigee. By utilizing the attitude angles
(61,0:,05) relative to a rotating orbit triad,> the absolute
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Fig. 1

¢ = 0.01 parameter plane.

angular velocity components and gravity moment components
referred to a principle body triad are

wi/n = u = (6100 — 6’C8,86,)Co; +
8’y + 6’86,)86;
wy/n = uy = — (6,00, — 0'C6,86,)S0; +
0’ + ¢’86)Co:; (2)
wy/n = us = 6'.86: 4 6’CH,C0, + 0’5
and
My/n? = 3¢73(1, — I5)86:C0:.805
My/n? = 3¢73(1, — 15)86,C6,C6; 3)
Ms/n2 =0

where I; and I; are the principal moments of inertia of the
satellite.
The nondimensionalized Euler equations governing the
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e = 0.10 parameter plane.

attitude motion of the satellite are

B K1 sz _ 3K1 3
u'y + I+ %, U3 1+ K, Uz = 1+ Kg e 80200y303
, K _ 3K,
Uy 1+ f7é Uty = 11 K, I'e 802002003 (4_-)

u's + [Kop/(1 + Ky + Ko)Jus = 0

where the following nondimensional system parameters have
been introduced using J as the moment of inertia of the
spherical rotor:

KEiy=Is— 1)/, Ky = J/I,,p = s/n

It can be seen that a reference motion for the set of equa~
tions (2, 4) 18 Uy Us=Us = h = Oy = 0, 03 = —§0, Ifthe
variations of the nondimensional angular velocity com-
ponents (uyusus) and attitude angles (6y,0:,6;) are defined
as (y1,¥2,ys) and (y4,usYs) respectively, the variational equa-
tions associated with the reference motion are

K2P 3K130 \
14
Y1 0 0 1+ K, §3(1 T K2) Yi
—3K.Co
! 0 0 0 0 —F—— 5+
" PAEE) ®)
= _K2p
! ——— 0 0 0 0
Vsl TF K+ K v
y's /] So 0 0 0’ 0 |ys
y's —86 Cce 0 -6 0 0 |ys
y's ) 0 0 1 0 0 0) (s,
In accordance with the analysis by Shippy and Robe, the first
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five variational equations of (5) form a complete set of linear
equations with periodic coefficients to which Floquet theory?
may be applied to study stability in the small of the attitude
motion of the satellite symmetry axis.

The system parameter space is of dimension four with
components K;, Ko, p, and e. In this study the parameter
K, was held at the constant value 0.20 and the remaining
parameters were varied over the ranges 0 < K; < 0.30, 0 <
p < 200, and 0 < € < 0.25. The results of the Floquet
analysis for four planes associated with constant values of
e = 0.01, 0.05, 0.10, and 0.20 are shown in Figs. 1, 2, 3, and
4 respectively. The influence of orbit eccentricity in this
study is qualitatively similar to the results obtained by
Kane and Barba. TFor a circular orbit, e = 0, there are two
unstable bands in the (p,K») plane, as was determined by
Shippy and Robe. As e is increased, these bands labeled
I and II, gradually widen and two additional unstable re-
gions, labeled III and IV, appear where the motion was
previously stable for a circular orbit. Figures 1, 2, 3, and
4 jJlustrate that the unstable regions (I and IIT) and (II and
IV) tend to merge with increasing e. Finally, at e ~ 0.25,
the entire (p,Ks) plane, with the exception of a very narrow
band separating the (I,III) and (IT,IV) regions, corresponds
to unstable attitude motion.
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N 1968, Lee and Onat! gave an exact solution for collapse
loads of uniformly loaded axially symmetric spherical
shells of a rigid-plastic material which obeys the Tresca yield
condition and flow law. This Note extends their work to caps
with a uniform axially symmetric partial load. The nomen-
clature is that of Ref. 1 except that ¢ replaces S.

Stress Field
The equations of equilibrium for the cap, from Ref. 1 are
n'y = [ng — ne — (n, + p) tan?e] cote
m'y = [me — my — (1/k)(ny, + p) tan2¢] cote
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Fig. 1 Yield surface for clamped cap.

for the loaded region of the cap, 0 < ¢ < ¢z, and

sin?
n'y = [ne — N, — My tane — p . fL:I cote

1 sin2¢r
m', = l:mg — Me = M tanZp — %P “coste cote

@

for the unloaded region of the cap, v < ¢ < @,

The Tresca sandwich yield surface is represented in Fig. 1.
The analysis begins by choosing a collapse pressure p* and
determining an appropriate stress state at the center of the
shell. Following Ref. 1, the starting point on the yield sur-
face is chosen as the intersection of faces 45 and 78. The
stress point then moves along face 47 on which ny = 0 and
my = 1. Utilizing these conditions and the initial conditions
ne = 0, m, = 0at ¢ = 0, Egs. (1) are solved to obtain

ny = —p*(1 — ¢ cote), me = 1 — (1/k)p*(1 — pcote) (3)

for the region 0 < ¢ < ¢;. The stress point motion on 47 is
interrupted when 7B is reached, where n, + m, = 0. This
condition, with Eqs. (3), is used to determine ¢i.

If plastic deformation is to occur everywhere, further mo-
tion of the stress point must be along 4B, where the condi-
tions mp = 1 + ng and n, = 3(n, + my) hold. These condi-
tions, combined with Eqs. (1), yield the second-order dif-
ferential equation

. 2 114k
n¢+n¢[sin<p cosw] T e |:2sec2<p+ 5( k )] =
1 ok 1 (1+k
3 cot?o — p [2 seco + 2 < A )] 4)

This equation was solved numerically using a fourth-order
Runge-Kutta stepping method,? with initial conditions on
Ny at @1 obtained from Eq. (3). The motion on 4B continues
to corner 34. This point, ¢, is determined by the condition
ny, — My = 0. The stress point then moves on 3B, where
ng = n, and mg = 1 + m,. This condition, with Eqs. (1),
allows the solution, in the region ¢ < ¢ < @1,

ny, = C; cosg — p*
me = In (sing) + (1/k)C, eose + Cs
Cy and Cs are determined by requiring continuity at ¢s.
For ¢ > ¢1, the cap is unloaded and further motion on 3B

is controlled by Egs. (2). With the requirements of 3B, (2)
yields

®)

e = Cs cosp — p* siner{l + cose In (tane/2)]

me = In (sing) + (1/k)C; cose — (1/k)p* sinZor X 6)
cose In {tan(e/2)} + C,

C; and C, are determined from continuity conditions at
¢ = ¢z. The stress point continues on 3B to the corner AB
where —n, — m, = 1. The angle ¢ = ¢, where this occurs is
a possible location for the clamped edge of the cap. Thus, a
statically admissible stress field has been obtained and the
chosen p* is a lower bound on the collapse pressure for a shell
with half opening angle ¢o.



